Adjoint Operators
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1 Spectral Theorem
For a complex n X n Hermitian matrix A,
a) All eigenvalues of A are real.
b) A has n linearly independent eigenvectors € C".

¢) A has orthogonal eigenvectors, i.e., A = VAV~ = VAV", where A is a diagonal matrix
and V is a unitary matrix. We say that A is orthogonally diagonalizable.

Recall that a matrix A is Hermitian if A = A*. Furthermore, if A is of the form B*B for
some arbitrary matrix B, all of its eigenvalues are non-negative, i.e.,, A > 0.

a) Prove the following: All eigenvalues of a Hermitian matrix A are real.
Hint: Let (A, 7) be an eigenvalue/vector pair and use the definition of an eigenvalue to
show that A(7, ) = A(D, D).
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b) Prove the following: For any Hermitian matrix A, any two eigenvectors v:mrespﬂnding

to distinct eigenvalues of A are orthogonal.

Hint: Use the definition of an eigenvalue to show that A, {7, Tz} = A,{F;, T2).
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c) Prove the follm\'ing: For any matrix A, A"A is Hermitian and nrll)-' has non-negative
eigenvalues.
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