Discrete Fourier Transform
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1 Roots of Unity

The DFT is a coordinate transformation to a basis made up of roots of unity. In this problem
we explore some properties of the roots of unity. An Nth root of unity is a complex number
z satisfying the equation z = 1 (or equivalently zV — 1 = 0).

a) Show that z — 1 factors as
N-1
No1= (z - 1){2 zk]A
k=0
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b) Show that any complex number of the form w; = e/ ¥ for k € Z is an N-th root of
unity.

k.

Eue.'s Formuls’ OJLN: Cj = COS(’ZHL) JSlVléz’ffl‘)
= | —1 O

2 DFT of pure sinusoids

a) Consider the continuous-time signal x(t) = cox(—;‘ ) Suppose that we sampled it
every 1 second to get (for n = 3 time steps):

-
x[n] =

cos(%—?(())) cos(%"-(l)) cos( 2:%(2))

Compute X [k] and the basis vectors ii; for this signal.
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EECS 16B Summer 2020 Discussion 7C: DFT 11

1 DFT

Consider the following length 6 signals. Compute its DFT coefficients X[k]. Then plot its
magnitude |X[k]| and phase 2X[k].

a) xy[n)=uln]=[1 1 1 1 1 1.

Time Domain Signal x,(n]
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0.0

Answer

Since x1[n] = VBug[n] where 1y is the DC component DFT basis vector, the frequency
components must be
V6 k=0.

Xulk] = {0 k#0.

The magnitude and phase of X, as plotted below

Magnitude Plot of X, Phase Plot of X
e
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b) xa[n]=8[n]=[1 0 0 0 0 0.
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Time Domain Signal x,{n]
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Answer
We can compute the frequency components by multiplying by the matrix F = U".
Since 8[n] is zero for n > 0, the frequency components will be the first column of F.

Xa[k] = Fxa[n] = e T . 1

1
—1 1
V6 I
The magnitude and phase of X3 as plotted below

Magnitude Plot of X; Phase Plot of X,
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a 1 2 ) . s 0 1 2 ) @ s
. .

c) xa[n] =oos(3§n) forn=0,1,...,5.
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Time Domain Signal xs[n]
10
0s I I
£ oo
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-10
[ 1 2 4 5
n
Answer
cos(z—"n = %eilf" 4 %e‘ o
1 {25 kpy
ug[n) = —=e'
[n] v
-
3= —2'( 1+ 1l5)
X k=15
Xslk] =4 2 "
alk] {0 k#1,5.

The magnitude and phase of X3 as plotted below

Magnitude Plot of X, Phase Plot of X,
12
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) 1 2 3 a4 s o 2 3 . s

d) x4]n] =sin(5ﬁﬂn) forn=0,1,...,5.
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Time Domain Signal xs[n]
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Answer
sin 4—111'1 =i.8”5“ 13_’?"
G 2
1 amgy,
uln] = /¥
V6
Xy= \@(I[ ii4)
4= 2 2= H4
Y k=2
Xalkl = % k=4
0 k+#2,4.

The magnitude and phase of X, as plotted below

Magnitude Plot of Xy Phase Flot of X,
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€) xs[n] = Fxaln] + xaln]
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Xslk]

H

B

Time Domain Signal xs[n]
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L] |

xs[n)

Answer

Since the DFT is linear, X5[k] = 2 X,[k] + }x,X4[k]. Therefore, we can write out the
DFT coefficients of x5 as

1

22
Xa[k|=§|ﬁ b

a a],l

Ve ]300
li 2 2 V& a2 | LI
e 3y w8 awE oW 8 3E
The magnitude and phase of X; as plotted below
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2 DFT Sampling Matching

Select the correct answer from the multiple choice options provided and give some
justification.

a) A sampled time domain signal and its DFT coefficients are given below:

5 Time domain signal x(t) . Magnitude of X[k]
Al A
g oo 1 1
-05
-10 [
1 2 ° H 10 15 2

Now given the following time domain signal, which of the options below shows the
correct DFT coefficient magnitudes?

Time domain signal x(t)

O M A

£ oo
-0s
-10
00 05 10 15 20 25 30
(a) (B)
6 3
- L\
z =z
=2 =1
olece . o looe -
0 5 10 5 x 0 5 1 i3 2
K K
(€) (D)
3 B
_2 _
x> >
laseselosssssosostooses] - ofTrangtLLIITre, 00!
0 5 10 3 20 0 5 10 15 )
K K
Answer

The correct DFT coefficients are shown in B. The new signal completes 3 full cycles
during the discrete sequence. Its amplitude is the same as the first sequence.
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b) Given the time domain signal below, which of the options below shows the correct
DFT coefficient magnitudes?

| X[k

IX[K|

0.
o

0

o
0

o

Time domain signal x[n]

o £ qs’“sp’“qf )
T E L

The correct DFT coefficients are shown in C. The DFT coefficients of a unit impulse are
all ﬁ This impulse has been shifted, so the DFT coefficients have varying phase and

are not purely real; however, their magnitudes are still uniformly \."]_F
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¢} Given the time domain signal below, which of the options below shows the correct
DFT coefficient magnitudes?

Time domain signal x(t)
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Answer

The correct DFT coefficients are shown in B. We saw in lecture that the DFT of a sinc is
a boxcar and vice versa.
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d) Given the time domain signal below, which of the options below shows the correct
DFT coefficient magnitudes?

Time domain signal x(t}
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Answer

The correct DFT coefficients are shown in C. We saw in lecture that the DFT of a sinc
is a boxcar and vice versa.
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