Discrete Time Systems
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2 Dirty Dishes

I am a trip planner who lodges travellers at Bob’s Bed and Breakfast. At the beginning of
each day, Bob will do half of the dirty dishes in the sink. During the day, each of his guests
will use 4 pounds of dishes minus an eighth pound of dishes for each pound of dishes

already in the sink at the beginning of the day (as Bob’s kitchen gets foo messyJ:
a) What is the state vector for Bob’s kitchen sink system? What are the inpuj(nte out

the state space model.
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¢) On Wednesday morning (before Bob gets up), there are 4 pounds of dishes in the
sink. On Wednesday, Bob has 4 guests, and on Thursday, he has 5 guests. How many
pounds of dishes are in the sink after Thursday?

(et be Ueds .
X(41] = o]+ (4- DUl
K(een] = $4(ea] L (Y- T W(t+1]

3 Al u(n]

%m:u e =4, u )= s Plyin to gt

@)= £ (D (Y- }(LDM b
k)= & (IQ%W 1) 5= (¥

e) Now suppose 5 guests come to Bob's kitchen every day. At the equilibrium state, how
many pounds of dishes will remain in the sink?
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3 Differential equations with piecewise constant inputs

Let x(-) be a solution to the following differential equation:
d
37 ¥(t) = A (x(t) = u(®)). )
(5)

Let T > 0. Let x[-] “sample” x(-) as follows:
x|n]=x(nT).
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t
Assume that u(-) is constant between samples of x(-), i.e.
u(t) =uln| when nT =t<(n+1)T (6)
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a) We will approach solving this differential equation iteratively in intervals of size T.
What is the solution x(t) for £ € [0,T)? {» Tenss o{: X(0) pud w(o].

b) Using your solution from the previous part, sample it at f = T to write x[1] in terms of
x[0] and u|0].

¢) Now for a general time-step n, write x[n + 1] in terms of x[n] and u[n]. Conclude that
the sampled system of a continuous-time linear system is in fact a discrete-time linear
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3 Discretization

Consider a cart of mass M, pushed with a force u(t) with position, x(t), and velocity, v(t).
Hence, we have.

d

T3 x(t) =o(t)

d _u(t)

a "=

We will apply a constant input between any time t € [nT,nT + T). Here T is our time
between samples.

a) Find a discretized system of equations for this system.
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